In this paper, we first give an explicit formula of the exponential sum of sum of digits with complex coefficients. As an application of this formula, we obtain a simple expression of Newman-Coquet summation formula related to the number of binary digits in a multiple of three.
Introduction
Let p be a positive integer greater than 1 and denote the p-adic expansion of n 2 N by n ¼ P i!0 i ðnÞp i , where i ðnÞ 2 f0; 1; . . . ; p À 1g. We set sðp; n; lÞ ¼ X i!0 1 fjj j ðnÞ¼lg ðiÞ for l ¼ 1; 2; . . . ; p À 1 and sðnÞ ðpÞ ¼ ðsðp; n; 1Þ; sðp; n; 2Þ; . . . ; sðp; n; p À 1ÞÞ:
We define the exponential sum:
Fð; NÞ ðpÞ ¼ X NÀ1 n¼0 e ð;sðnÞ ðpÞ Þ ¼ X NÀ1 n¼0 e P pÀ1 l¼1 l sð p;n;lÞ for ¼ ð 1 ; . . . ; pÀ1 Þ 2 C pÀ1 and N 2 N. In previous paper [7] , we gave an explicit formula of Fð; NÞ ðpÞ for 2 R pÀ1 by using the distribution function of the multinomial measure. For the case p ¼ 2, set sðnÞ ¼ sð2; n; 1Þ and let 
In this paper, we shall generalize the distribution function Lðr; ÁÞ of the multinomial measure with complex parameters, and give a simple explicit formula of Fð; NÞ ðpÞ via a generalized Lðr; ÁÞ. Next, as an application of this one, we shall give an explicit expression of DðNÞ.
Preliminaries
Assume that we are given a positive integer p greater than 1. Let I ¼ I 0;0 ¼ ½0; 1 and
for n ¼ 1; 2; 3; . . . Let r ¼ ðr 0 ; r 1 ; . . . ; r pÀ2 Þ be a vector such that 0 < r l < 1 for l ¼ 0; 1; . . . ; p À 2 and P pÀ2 l¼0 r l < 1 and set r pÀ1 ¼ 1 À P pÀ2 l¼0 r l . The probability measure r on I defined by r ðI nþ1; pjþl Þ ¼ r l r ðI n; j Þ ð1Þ
. . . ; p À 1, is said to be a multinomial measure. If r l ¼ 1=p for all l, r is the Lebesgue measure on ½0; 1 and otherwise it is singular with respect to the Lebesgue measure. We denote the distribution function of r by Lðr; ÁÞ:
Lðr; xÞ ¼ r ð½0; xÞ; x 2 I:
Following our previous paper [9] , we summarize some fundamental properties of Lðr; ÁÞ.
Lemma 2.1 ([9, Lemma 2.1.]) For a given r ¼ ðr 0 ; r 1 ; . . . ; r pÀ2 Þ and r pÀ1 as above, Lðr; ÁÞ satisfies the following system of infinitely many difference equations:
Lemma 2.2 ([9, Lemma 2.2.]) Provided that f is continuous, the system (2) is equivalent to the following functional equations:
Moreover, by Hata [2, Corollary 6.6], we have the following lemma.
Lemma 2.3 ([9, Proposition 2.1.]) Lðr; ÁÞ is a unique continuous solution of (3), and hence of (2).
Results
Let an integer p ! 2 be given. We now consider the case r 2 C pÀ1 and treat the system of infinitely many difference equations (2) with r ¼ ðr 0 ; r 1 ; . . . ; r pÀ2 Þ such that r l 2 C; 0 < jr l j < 1 for l ¼ 0; 1; . . . p À 2; 0 < 1 À X pÀ2 l¼0 r l < 1: ð4Þ
Let r pÀ1 ¼ 1 À P pÀ2 l¼0 r l . Then we can immediately prove that Lemma 2.2 holds and the functional equation (3) has a unique continuous solution. Therefore, under the condition (4), we set Lðr; ÁÞ the continuous solution of (3) anew. We can also get an exact form of the k-th derivative of Lðr; ÁÞ with respect to the parameters r l ðl ¼ 0; 1; Á Á Á ; p À 2Þ in a similar manner to [9, Section 5.].
Theorem 1 Suppose that ¼ ð 1 ; . . . ; pÀ1 Þ 2 C pÀ1 satisfies the condition j1 þ e 1 þ Á Á Á þ e pÀ1 j > 1 and N 2 N, then we have
where
and r l ¼ e
for l ¼ 1; 2; . . . ; p À 1, and ftg denotes the fractional part of t ¼ log p N. 
e. a cubic root of unity) andt t ¼ log 3N log 4 . ½t t is the integral part oft t.
Remark 3.1 Since the set f3N=4 ½t tþ1 : N ¼ 0; 1; Á Á Ág is dense in ½1=4; 1, we obtain the next estimates:
We illustrate the graph of gðxÞ ¼ 2 3 À1 x À ReLðr; xÞ in Fig. 1 .
Proofs.
Proof of the Theorem 1. As Lðr; 0Þ ¼ 0, we have An Explicit Formula of the Newman-Coquet Exponential Sum
By using (2), we get L r; To iterate this procedure, we find Set the 4-adic expansion of n 2 N by n ¼ P i!0 i ðnÞ4 i , where i ðnÞ 2 f0; 1; 2; 3g. Then we have
¼ w sð4;n;1Þþ2sð4;n;2Þþ3sð4;n;3Þ :
On the other hand, as
